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TOYKI CYKYITHOI HEIIEPEPBHOCTI HAPI3HO HEIIEPEPBHIUX
BIJOBPAZKEHD 31 BHAYEHHAMMN B IIJIOIIIVHI HEMUIIBKOT'O
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continuous mappings with the values in the Nemytsky plane, Matematychni Studii, 26 (2006)
217-221.

Let X be a topological space, Y be a first countable topological space, P be the Nemytsky
plane and f: X x Y — P be a separately continuous mapping. It is shown that for each y € Y
the set Cy(f) of all points € X such that f is jointly continuous at (x,y), is residual in X.
We provide an example of a separately continuous mapping fo: R? — P which is discontinuous
at each point (z,x).

B. K. Macmouenko, B. B. Muxaitmok, O. U. @uaunuyk. Touku co8okynmoti HenpepueHocmu
Pa3deavHo HenpepueHur omobpascenud co snauenHuamy 6 naockocmu Hemoviyrozo // Marema-
ruani Cryail. — 2006. — T.26, Ne2. — C.217-221.

JlokazaHo, 9TO y KayKIOTO Pa3Je/bHO HempepbiBHOrO oTobpaykenus f: X X Y — P mpo-
M3BEJIEHUs TOIOJOIMYECKOrO IPOCTPAHCTBA X M TOIOJOCMYECKOro MPOCTPAHCTBA Y C IepBOi
AKCHOMOM CYETHOCTH CO 3HaUYEeHHAMH B ImockocTu Hewmbimkoro P s kaxkmoro y € Y MHO-
xectBo Cy(f) Becex Touek = € X, Takux, 4ro f HempepbIBHA B TOUKE (&,y) IO COBOKYIHOCTH
MEePEeMEeHHBIX, ABJIsIeTcs ocTaTounbiM B X . [IpuBemen mpumep pasaeahbHO HEMPEPHIBHOTO OTO6-
paxenus fo: R? — P, KoTopoe pa3pbIBHO B KasK/I0if ToukKe (T, T).

1. V crarrax [1-4] nocrimpkysanack MuOkuHa C(f) TOYOK CYyKyMHOI HemepepBHOCTI Hapi-
3HO HelepepBHUX BijgoOpaxKenb f: X X Y — Z T1a iXHIX aHAIOTIB 31 3HAYEHHSIMU B O-
MEeTPHU30BHUX IpocTopax /. Ilpm nmpoMmy B 3araJbHOMY BHIAJIKy BCTAHOBJIEHO JIUIIE 3aJIH-
mkoBicth MHOKHHU C'(f) B X X Y, B TOil 9ac, Koau i CHIBHO 0-METPH30BHUX MPOCTOPIB
Z orpumani pesyiabratn npo s3ammmkosicts MuHokua Cy(f) = {x € X : (z,y) € C(f)} i
Cy(f)={re X :{z} xY CC(f)}.

[Lnomuua Hemunproro ([5, ¢.47]), aky mMu mosnadaemo cuMBogoM P, € o-MeTpru30BHEM,
aje He CHIBHO o-MeTpu3oBHUM mpoctopoM ([6, m.4]). Tomy BUHUKIO mpuUpOIHE NnumaHHA
npo BuBdeHHs MHOKUHN C(f) nag Hapi3HO HemepepBHUX BimoOpaxkenb f: X x Y — P. fk
3’sICyBaJIOCsI, y IIbOMY BHITQIKy BUHUKAIOTH HOBI IiKaBi siBUIIA.

Y miit crarTi MU J0BOAMMO, IO JIjIsI KOYKHOTO Hapi3HO HElepepBHOTO BiIOOparkKeHHs!
f: X XY — P go0yTKy TOmOIOTiYHOrO MpocTopy X 1 TOMOJOTIYHOTO MpocTopy Y, AKuit
33JI0BOJIbHAE IepIry akcioMy siidennocti, y mromuny Hewmunbkoro, muoxkuuna C,(f) 6yae
3aJUIIKOBOIO B X /I KoKHOTO y € Y. Pazom 3 Tum, mpu X = Y = R icuye Hapizno neme-
pepsre Bigobpaxenusi fo: X X Y — P,y sxoro Cy(fy) = @. BayBakumo, o st Hapi3HO
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HenepepBHUX AificHo3HadHux ¢yukmiit f: X X Y — R Taki npukaagm 0y MOXK/IHBI JTHIIE
s “enkoro” mpoctopy Y. Bokpema, B [7]| me 3po6aeno, komn X = R i Y — Tononoriuna
CyMa KOHTHHYYMY YHCIOBUX TPSAMHEX, a Y [8] — 3a J0CUTh 3araJbHUX YMOB, SIKi BAKOHYIOThCS,
Hanpukaag, y sunajgky X = R, Y = [,. lomamo e, 1o nornepe/iai Bepcii ccpopmyiboBaHuX
BHIIE Pe3yJIbTaTiB aHOHCOBAHO B [9)].

2. Haramaemo, mo Tomonoridyna cTpykTypa Ha miaomuHi Hemumnbkoro P = P; U Py, ne
P, =R x {0} i Py = R x (0, 4+00), BBoAuThCS Tak: 6a3010 OKOMIB TOUKH Dy = (T, Yo) € Py
ciyxath Kpyru K, [po] = {(z,y) € R? : (x — x0)* + (y — y0)* < r?*} 3 0 < r < yo, & TOUKH
po = (20,0) € Py — kpyru K.[p,], ne p, = (x9,7) i 0 < r < 400. OueBngno, mo P 3a-
JIOBOJIBHSIE TIEPITy AKCIOMY 3JIIYeHHOCTi. 3PO3YyMIT0 TaKOXK, MO TOMOJOTIYHA CTPYKTypa Ha
P, ingykoBaHa 3 eBKJi0BoI Mmiomuan R2, MasKopyeThCsl TOIOIOTIYHOI0 CTPYKTYPOIO ILIO-
mman Hemunpkoro. [lianpoctip Py miaomuan Hemunbkoro € Biakputum i ingykoBana 3 P
TOTIOJIOTiS Ha, HLOMY 30ira€ThCs 3 TOMOJOTIE, inmpykosanoio 3 R2. [Tixmpoctip P, miomunn
HemunpKoro € JuCKpeTHnM, i KO?KHA OJHOTOYKOBa MHOXKWHA { (2, 0)} € BigkpuToro i 3aMKHe-
noio B P;. [linmpoctip Py € mMeTrpm3oBHuM, cama ) miaomuaa Hemwunbkoro P mogaeTbesa y
BUIUISAL 00’€IHAHHS 3POCTAIOYO] MOCTIIOBHOCTI CBOIX 3aMKHEHHX METPHU30BHHUX IMiIIIPOCTO-
piB Z, ={(z,y):xz€eR i y> % abo y = 0}, oTKe, € 0-METPU30BHUM TIPOCTOPOM, aJie
He Merpu3oBHUM, 60 P He € HOpMasbHEM npocTopoMm |5, ¢.47|. Biabmre Toro, sik 3ayBazke-
HO BuIe, P HaBITHL He € cuabHO o-MerpuzoBHuM. [Ipore, P € peryaspuum i HaBITH HLIKOM
PEeryJIgpHUM TOMOJOTIYHUM IIPOCTOPOM.

3. Hexait X, Y, Z — rononoriuni npocropu i py = (x9,y0) € X X Y. Binobpazxenusi
f: X XY — Z mazuBaemo 20pu3onmasvho K6a3iHenepepsHuM i Moyl Py, AKIIO /It TOBITh-
HOTO OKOTy W Touku 2o = f(pg) B Z i noBinbauX okoMiB U i V' TOYOK x¢ Ta Yy y MPOCTOPAx
X ta Y BigmosimHo icHyoTh TOUKa p; = (x1,y1) € U X V i okin U; Touku z; B X, Taki,
mo Uy C Ui f(Up x {y1}) C W. Binobpaxkenus f € 20pu3onmanvho K6a3iHENEPEPEHUM,
SIKIIO BOHO € TakuM B KOxHiil Touni mobyrky X X Y. CumBoaom K,C(X XY, Z) mu no-
3HAYAEMO CYKYITHICTh BCIX TOPU30HTAJBHO KBa3iHemepepBHUX Bimobpaxkenb f: X XY — 7,
SIKi HemepepBHi BiTHOCHO Apyroi 3miuuol, a cumBoiom CC(X X Y, Z) — cyKymHicTh HAPI3HO
HemepepBHUX BijoOpazxKenb f: X XY — Z. Jlna BigobpaxkKenusa nBox 3MiHHEX f: X XY — Z
mu noknaagaeMo f*(y) = fy(x) = f(z,v).

Hawm b6yne nmorpibna macTynHa BJIACTUBICTH TOPU30HTAJILHO KBa3iHENEPEPBHUX BijloOpa-
xenb ([3, mema 2]). Tlepen 11 popMmyTIOBAHASAM 3a3HAYNMO, IO CUMBOJT A 03HaTaE 3aMUKaHHsT
MHOXKUHEU A, a cuMmBoJT int A — 11 BHYTPINIHICTS.

Jlema 1. Hexait X, Y, Z — rtonosoriuni npocropu, f: X X Y — Z — ropm3oHTaJIbHO
kBazinenepepsHe Bigobpazkerts, U 1V — Binkpuri muoxkuan B X ta Y Bigmosigao, A C X

iUCA Toi f(UxV)C F(AxV).

4. IlepeiimeMo m0 PO3TILALY OCHOBHUX pe3yabTariB. Haramaemo, mo migMHOXKHHA TOIOJIO-
TYHOTO TMPOCTOPY HA3WBAETHCA 3AAUUKOB010 B HHOMY, SKIIO 11 JTOMOBHEHHSA € MHOMKHUHOIO
nepInoi Kareropii, To6TO MOJAEThCS Y BULIAIL 00’ €THAHHS MOCTIIOBHOCTI Hijle He MILIBHUX Y
JIAHOMY TTPOCTOPI MHOYKWH.

Teopema 1. Hexait X — romnosoridnuii npocrtip, Y — Tomnojoriaauii npocrtip, 7 — pery-
asipanii npoctip, [ € K,C(X XY, Z), yo — Touka npocropy Y, sika Ma€ B HbOMY 3JIi9eHHY
6a3y okomiB, f(X x {yo}) = {20} 1 20 Mae zaigenny 6a3y oxori y Z. Toxi muoxuna Cy(f)
€ 3aJIATIKOBOIO B X .
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Jlosederna. Tlpunyctumo cnovaTky, mo npoctip X Gepisebkuii. Hexait {V,, : m € N} i
{W,, : n € N} — 6a3u OKoIiB TOUOK Yo Ta zg B Y Ta Z Bianosiaxo, mpuuomy oxomun W,
3amkHeni B Z. IIpuiimemo A, ,,, = {x € X : f*(V,,) C W, }. 3 nenepepsrocti BigoOpazKkeHs
f 3a Apyroro 3MiHHOIO HEraifHO BUILIMBAE, IO JIs KOXKHOTO n € N

S x

m=1

[e.9]

Moxnagemo pami U, = int A, ., G, = Uy Unm 1 E = (,—; Gn. Ockinbku npoctip X
OepiBcbKuil, To MHOXKUHU (G, BIAKPUTI 1 CKPi3b MILIbHI B X . 3p0o3yMiao, TaKOXK, 10 MHOKHUHA,
FE € Bcioan minbHOIO B GepiBchkomy mpoctopi X. /lo Toro K, BoHa € (Gg-MHOXKHHOIO. ToMy
MHOXKWHa F € 3aJUITKOBOIO B X .

Sammmaerses gosectn, mo E C Cy (f). Hexait 29 € Ein € N. Ockinbku zy € G, TO
icaye Taknmit nHomep m, mo g € Uy, ,,,. Ilokmagemo gms cipomennsg samucis W = W,,, V =V,
U=U,miA=A,,, NU. Ockinern U C m i muoxkuna U Bigkpura, To A C U C A.
Toxi f(Ux V) C f(Ax V) 3aaemomno 1. 3 o3nauenss MHOKUH A, ,,, HeraifHO BUILIUBAE, IO
f(Ax V) CW. Orxe, ocrarouno f(Ux V) C f(AxV)CW =W, ro6ro f(UxV)CW.
Ockinmbku U X V' — oKiaT TOUKH py B J00YTKY X X Y, TO OCTaHHE BKJIIOUEHHS TOKA3YE, IO
po € C(f), 3Bimkn BummBae, mo o € Cy, (f).

Hexait tenep X — mgoBisbHmit Tomogoriunmii npocrip. Tomai 3a Teopemoro bBanaxa mpo
kareropito [10, c. 87] B X icHye GepiBcbke siapo T — Takuii BiAKPATHI MiAmpocTip, sKuit
€ 0epiBCbKHM MPOCTOPOM B iHAYKOBaHii 3 X TOmOIOril i 3a/JIMIIKOBOI0 MHOXKHHOIO B X.
[Tokmamemo g = flrxy. Ockinbku mianpocrip T Bigkpurnii B X, To g € K,C(T x Y, Z). 3a
nosegenuM Buie MuoxkuHa Oy (g) 3anumkoBa B 1, a otxe, i B X. Ane Cy(g) C Cy(f),
orke, Cy(f) € 3amumkoBo0 B X MHOKIHOI. O

5. V npoMy MyHKTI 3a JOMOMOIOI0 TeopeMu 1 BCTAHOBHUMO yMOBH, 3a sIKMX Hapi3HO Here-
pepsHi BimoOpaxkenus f: X X Y — P mawors saacmusicms Becmona, sika moJIsrae B TOMY,
o 15t KokHOro y € Y muokunaa Cy(f) € 3ammmkosoo B X. IIpn npomy mu OymeMo BHKO-
PUCTOBYBATHU TaKe MPOCTe TBEP/IZKEHHS.

Jlema 2. Hexaii (Gs)ses — am3’toHKTHA ciM’ss BIAKpHTHX MHOXKHH (g Y TOMOJOTITHOMY
npocropi X, Taxa, mo muoxknna G = \J,. g Gs € 3ammkosoo B X i (Ey)s s — ciM’s mig-
muaoxkuH X, Taka, mo Ey C G i Ey € 3aanmikoBoro B G4 ajist koxkaOro s € S. Toxi MHOXKHHA
E = ,cq Es 3ammmkopa B X

Jlosedenna. Hexait Ay = G\ Ey anst koxkuoro s € S1 A= G\ E. 3a yMOBOWO JJisl KOXKHOTO
$ icHye moc/IiJOBHICTH HiJe He MiAbHUX B Gy MHOKNH A, ,,, Taka, mo Ay = Uf;l As . Hexait
A, = Uses As . st kKoxkHOTO 1 MHOKMHA A, Hige He migbna B X. Cupasai, mexait U —
BijikpuTa MEHOKWHA y poctopi X 1 U NG # &. Toxui icaye takwmii injgekc ¢ € S, mo mepernn
Ui =UNG; # . Muoxnna U, Binkputa B (. Ockinbkn MHOXKHHA A, Hile He MiTbHA B
Gy, To icHye Taxka BigKpHTa HemopoxkHa MHOXKHHA V B Gy, mo V C U, i VN Ay, = &. Ane
3a ymoBoro G, NGy = @ npu s #t. Tomy VN A, = inpns#t Orxke, VNA,=0.
Kpim toro, V- C U i V Bigkpurta HENOpOXKHsI MHOYXKHUHA B X, IO 1 JIa€ HAM HiJie He IILILHICTD
muoxkui A, B X. Ockinokn A = || A, 10 A — muOKuUHA neprmol kareropil B X. Aue
X\ E=(X\G)UA. Orke, X \ E — ne MHOKHHA TIepIIOi Kareropii B X, T06TO MHOKHHA
FE zannmkosa B X. ]
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Teopema 2. Hexaiit X 1Y — romosoriuai mpoctopH, iy € Y, IpHIOMY 1y Ma€ 3Ti9eHHY 6a3y
okoriB BY , f € CC(X x Y,P). Toxi muoxknuna Cy(f) 3ammkosa B X.

Jlosedenna. Hexait j: P — R? — Ttoroxkne BKIajennd miomunn Hemunskoro P B eBK/ILI0BY
mnomuny R? i g = j o f. 3posywmino, mo g € CC(X x Y,R?), 60 BKIaJeHHA j HemepepBHe.
Epkiinosa mionmaa R? € MeTpu3oBHAM TTPOCTOPOM. ToMy 3a BiZoMUM TBepazKeHHAM 3 [11]
vuozkuHa Cy () € 3amnmkoBoio B X . Ockinbku Gynkuis f, : X — P menepepsHa i MroK#IHA
Py igkpura B P, ro Muokuma G = f, 1(Py) simkpura B X. Hexait A = C,(9)NG. Bposynio,
mo A 3ammmkosa B (G, 60 muoxuna G Bigkpura. 3posywmino, mo A C C,(g) N G, ane
Cyo(9) NG C Cy(f), 60 f(G x{yo}) C Py i Tomosorii, siki ingykyoTses na Py 3 mpocTopis
P i R?, 36iratorbea. Orxe, A C Cy, (f).

Hexait nani H = X \ G. 3pozywmiso, mo muoxuna H — sinkpura B X i f,(H) C P;.
Toni 3Byxkenus h = f, |y BinoOpakae muoxuny H y auckpernnit mignpoctip Py mrommnn
Hemunpkoro i, 3po3ymino, € HemepepBHuM. B Takomy pasi, a1g KoxkHOTo 2 € R mpoobpas
H, = h'({(z,0)}) € Binkpuroo muoxkuunowo B H, a orxe, i 8 X. Kpim Toro, H,, N H,» =
@, axkmo 2 # 2" 1 H = | |,.g H.. Ana z € R nokmagemo ¢, = f|g,xy. 3posymino, mo
v, € CC(H, x Y,P), npuaomy ¢,(H, x {yo}) = {(2,0)}. Tomy 3a Teopemoro 1 MHOKHHA
B, = Cy,(y.) 3ammkosa B H.,.

Mokmagemo B = |J, g B:. Ockinbxu muoxunn H, sinkputi 8 X, 10 B, C Cy(f) mns
KOXKHOTO 2, TobTo B C Oy (f).

Hexait £ = AU B. Ockinmbku X \ (GU H) = G \ G i muoxuna G \ G Hijge we minbHa B
X, 1o muoxknna G'U H 3ammmkosa B X. Tomy 3a jtemoro 2 i MHOXKHHA F Oy/ie 3a/IMITKOBOIO
B X. Ate £ C Cy,(f), orxe, i muokuua Cy(f) € 3ammumkosoo B X. O

Hactynuunii pe3y1pTaT HeraifHO BUILIHMBAE 3 TEOPEeMH 2.

Teopema 3. Hexait X — romosoriuamii mpocrip, Y — Tomosorigguii OpocTip 3 IepIIo0
axciomoro 3midennocti i f € CC(X x Y, P). Toxi Binobpazkennst f mae Bractupicts Becrona.

6. Hapermri 1oBeiemo, 1o HapizHo HemepepBHi BigoOpaxKkenusa f: X XY — Popu X =Y =R
MOXKYTh HE MaTH eaacmusocmi lana, sxa monsarae B Tomy, mo MaoxkuHA Cy (f) 3ammmkosa
B X.

Teopema 4. Hexait X =Y =Rif: X XY — P — BigobparkeHHsI, sIKe 3aa€ThCI (POPMY.TO0
f@,y) = (@ +y, |z —yl). Tox:

(i) A={(z,z):z € X} = D(f) = (X xY)\ C(f);

(ii) f — mapizHo HemepepBHe BiOOPAYKEHHST;

(iii) Cy(f) = @.

Josederna. (i) Tepesipumo, un A C D(f). Hexait py = (zg,20) € A, Wy = {(z,y) € R?:
(. —220)*+ (y—1)2 < 1}, 6 > 01 Os5 = [xg — &, 29 + 6]*. Ockinbku Wy — okin Toukn
20 = f(po) y mpocropi P, a muoxunu Os npu 6 > 0 yTBOPIOIOTH 6a3y OKOMIB TOYKH py B R,
TO HAJIEXKHICTE py € D(f) Heraiino BummuBaTuMe 3 Toro, mo f(Os) € Wy g koxuoro § > 0.
Badikcyemo § > 0 i po3misiHeMo JOBUIBHY TOUKY Zs € [xg — 0,20 + 0] \ {zo} 1 BignosimHy
TOYKY ps = (x5, xs) Ha miaronani A. 3posymiio, mo ps € Os i f(ps) = (225,0) & Wy, nozasx
x5 # xo. Orke, f(Os5) € Wh.

Hexait pg = (20, yo) € R*\A. Toxi |zo—yo| > 0. OTxe, 29 = f(po) € Py. OcKinbkn umcioni
byurii u(z,y) =z +y 1a v(x,y) = |x — y| HenepeprHi, To dyHKIiA f dK BiIOOpAKEHHS 3
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R? B R? € nenepepsroio. Ase migmpocrip Py Bigkpurnii B IP i fioro Tomosoriuga cTpyKTypa
36ira€ThCs 3 TOMOIOTIYHOI0 CTPYKTYPoIo, imayKopanoio 3 R2. Tomy f € HemepepBHHM B TOWIIi
po 9K Bimobpaxkenna 3 R? B P, amxe f(pgy) € Po.

(ii) Ockinbku pyukuis f cumerpuuna i C'(f) = R?\ A, T0 j10cuTh J0BECTH, IO /I KOXKHOTO
dikcoBanoro zg € R dynkuis f,(r) = (z + o, |z — x9|) 3 R B P € Henepepsroo B Toumi
xo. Husg mporo gocratubo misa goBiabHOTO OKOMy W TouRM 2o = f(%0,%0) = (270,0) B P
suaiitn takuit ok U Toukm g B R, mo f,,(U) C W. Ockineru zg € Py, a 6a3y okosis
TouKU zy B P yrBOprooTh kpyru K [p.| pajiyca € 3 meHTpamu B TOUKax p. = (2xg,&), TO
JOCUTH PO3MISTHYTH BUNMAI0K, komn W = K. [p.], ne € > 0. Aue

(x -+ x0 — 210)% + (|7 — w0 — €)% = 2|2 — 20| (|7 — 20| — €) + €2
3Bigcu BunmBae, mo f,,(x) € W roni i tiabkn toxi, ko |z — x| < . Tomy, mokramaoan
U = [xg — &,x0 + €], orpumaemo, 1o f,,(U) C W. Orxke, byHukuis f,, HenepepsHa B TOYI
Zg-.
(iii) Ockinbku Ha KOXKHilT Beprukanbhiil mpamiii {z} x R € rouka (x,x) miaronani A, gxa
3rizHo 3 moBeaeHuM B (i) € Toukoo pospuBy byukuil f, To Cy(f) = &. O
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