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I. 1. IIVKAJIbCBKUN

SAIJAYA OIPIXJIE TA SAJAYA OIITUMAJIBHOI'O KEPYBAHHA
JJI5 JJIHIMHUX ITAPABOJITYHUX PIBHSHB 3 BUPO/I>KEHH SIM

I. D. Pukalsky. Dirichlet’s problem and the problem of optimum control for linear parabolic
equation with degeneration, Matematychni Studii, 23 (2005) 179-190.

The existence and uniqueness of Dirichlet’s problem for linear parabolic equations with a
free power order of degeneration of coefficients with time and space variables has been proved
in terms of spaces of classical functions with the power order. The estimation of solution to
the problem in the corresponding spaces has been found. The problem of choice of optimum
control by systems, described by Dirichlet’s problem with limited control is examined. The
quality functional is determined by the volume integral.

n. 1. Iykansckuit. 3adavwa Jupuzae u 3ada4a onmumasbhoz0 ynpasieHus OAf AUHETHHLT
napaboaruseckur ypasuenut ¢ ewposicdenuem // Maremaruuni Cryaii. — 2005. — T.23, Ne2. —
C.179-190.

B npocrpancrBax kimaccuueckux byHKINNA CO CTEIEHHBIM BECOM TOKA3aHO KOPPEKTHYIO Pa3-
permuMocTh 3aga4n upuxiie njisi JTUHEHHBIX MapabOIUIecKUX yPaBHEHWH C MPOU3BOIHHBIM
CTEMEHHBIM TOPSIKOM BBIPOXKAEHUSA KOI(DDUIMEHTOB KaK M0 BPEMEHHOMN, TaK U MPOCTPAHCT-
BeHHBIM TiepeMeHHbIM. Haliena orenka perrenus 3aJa91 B COOTBETCTBYIONINX MMPOCTPAHCTBAX.
Paccmorpena 3ama4da o BBIOOpPE ONTUMAIBHOIO YIIPABJIEHUs] CHCTEMAMU, OMUCHIBAEMbBIMU 3313~
qeit Jupuxiie ¢ orpanndeHubiM yrupasiaeHueM. OyHKIMOHA KA9eCTBA ONPeIesisieTcsd 00beMHBIM
WHTETrPaJIOM.

Kpaiiosi 3a/1a4i 3 HEJTOKaJIHLHOIO YMOBOIO 33 YaCOBOIO 3MIHHOIO JI/1sI TAPabOTiIHIX PIBHAHD
JIPYTOTO MOPSIAKY 31 CTEMeHEeBUMHU OCOOJTUBOCTIME B KOedilli€eHTaX pPIBHAHHA JIOCTiIKYBa-
macst B |1, 2, 3]. YV kuumsi [4] nmobygosano Teopito KiaacuaHEX Po3B’sa3KiB 3amadi Komi Ta
KpailoBUX 3aJlad y MPOCTOpaX MaKCUMaJbHO MIMPOKHUX KJIACIB (DYHKIH JijId HEpiBHOMIPHO
napado/iidauX 1 B-npabo/iiyHuX piBHSHDb, SKi MalOTh OCOOJIUBOCTI OOMEKEHOrO MOPsiJIKY Ha
MezKi 006J1acTi.

TyT 3a 1OMOMOTrOI0 MPUHIHIY MAKCUMYMY Ta allpiOPHUAX OIMIHOK JOCTIIKYETHCA 33/ 1a9a
JlipixJte m1s JiHIRHEX TapabOIidHUX PIBHAHB JIPYTOTO MOPSIKY 0e3 00MerKeHHS Ha CTeleHe-
BUIT IPSIJIOK BUPOJIZKEHHs KOEMIIIEHTIB 3a BCiMa 3MIHHUMU, a TAKOYXK BCTAHOBJIEHO HEOOXi/IHI
it JocTaTHI YMOBHM ICHYBaHHS ONTHMAJILHOTO PO3B’SI3KY CUCTEMH, IO OMHUCYETHCS 3aa4€I0
Hipixae. Kpurepiit akocTi 3aJa€TbCs 00’ €MHIM IHTEIPAIOM.

ITocranoBka 3amaui ipixje i ocHoBHuii pesyabrar. Hexait () — nesika obsacts B R”,
dimQ < n —1, D — obmexena obiaactb B R™ 3 Mmexxero 0D. Posrismemo B obmacti () =
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(0,T)] x D nyna mapabomiaHOTO PIBHSHHS 3a]a9y 3HAXOJKEHHsT (DYHKINT U, sIKa 32/I0BOTbHSIE

mpu (t,2) € Q0 =Q\ {((t,x),t =t0 z e D) U ((t,x),t € (0, 7],z € ﬁ)} PIBHAHHS

(Lu)(t,z) = | Dy — ZAUM; o De, ZA (t,2)D,, — Ao(t, x) | u(t,x) = f(t,2), (1)

iy=1
II0IaTKOBY YMOBY
u’t:O = cp(x) (2)

i ma G6iuniit mexi I' = (0, 7] x 0D — kpaiioBy ymMOBY

ulr = g(t, 7). (3)
Hexaii [V, [® — nosinabui aiiteni uncna, 0 € (0,7), Q = QU I,

n

1/2
_ f i—&)?| , minjz—¢>e>0, e = const.
|z — €| = 1r€1Q [Z(m &) ] min, lz —¢&| >e e = cons

i=1

OcobmBocTi koeditmienTiB nudepenniaabHOro Bupaldy L OyayTh XapaKTepu3yBaTH Taki
Pynxuii: s1(10 1) = [t—tO " npu [t —t©@] < 1, 51D, ¢) = 1 upn [t —tO] > 1; 5,(1?, z) =
|z — &' npu |z — €] <1, 55(1?,2) = 1 npu |z — €] > 1.

Hexait Q = [0,T] x D, D = DUAD, a P(t,z), P,(tW, W), By(tW,2®) i PP (t® z?),

ke{l,...,n},—roukn iz Q, z(V) = (:1:51), . ,xg)), t® = (ajgl), . ,x,&l)l,xé ), ,(:JZI 7(11)).
Mosuaunvo uepes GY, v, 7’2(”), W, a, v € {1,2}, aiiichi uncia Taxi, uo Bk € (—00, ),

v >0, 7 >0, 6" >0, a € (0,1). Hokmagemo s(l; P) = s,(IM, )s5(1?, z). Oznaunmo
¢GyHKIIOHATBHI IPOCTOPH, B AKHUX JIOCTIIKYEThCS 3a/1a4a.

Yepes O+ (v, 3, ¢; Q) mosmauammvo mpoctip dbyukmiit u(t, ), (t, ) € Q, g9Ki MaloTh Here-
pepBHi gactuHH] moxigni B obaacti Q) Buraamy DFDiu, 2k + |j] < 2, nia akux cKindenna
HOpMA

2
4%, 35 65 Qllzva = > w7, 85 Qs + (w57, 83 ¢; Qllzta
7=0

ae [us vy, B;¢; Qllo = sup s(q; P)|u(P)],  [[u;v, 8;0; Qllo = [lulfo,
Pe@

lu; v, 8 ¢; QI = llu; v, B; ¢ Qllo + Z}gugsm +7 = 855 P)| Dy u(P)],
i=1 1€

1
v, B5q: Qlle = Y llusy, 85 4; QI+
=0

+Zsup s(q+ 2y = Bi = Bj; P)| Dy, Dy ju(P)| + 5(q + 27; P)| Dyu(P)]),

o PeQ

uiv, B:; Qllasa = Y { sup  [s(g+ (2+a)y — B — B — af; P)at) — 2|7 x
i k=1 ({P1,Br}CQ



X|Dy, Dy u(P1) — Dy, Dy u(By)|] +  sup  [s(q + (2 + o)y — af; ]51)><
{Pl,Bk}Ca

x|zl — 2P Du(P) — Dau(B)|]+  sup  [s(q+ 2+ )y — B; — Bj; B x

[tV — 1173 D, D, u(PP) — Dy Dou(By)] + sup  [s(g + (2 + a)y; Po)x
{PéQ)ka}Ca

< [t0 — t® =8| D,u(P?) — Dtu(Bk)H} .
TyT BUKOPHCTAHO MO3HAYECHHS:
s(m; Py) = min(s(m; Py), s(m; By)), s(m; Py) = min(s(m; P,sz)), s(m; By)).
Hexait C(I; Q) — vmoxuna dynkmiit vg(t, z), (t,7) € Q, 11g AKUX CKiHIeHHa HOPMa
llow; & Al = sup s(l; P)|ve(P)[+
PeQ
+3 0| sups(l sl @)|ay — 22 | o(Pr) — oe(Bi)|+
k=1 {P1,Bx}CQ
+osup (s (G0) 100 = €2 un(By) = u(PP)]

s1(1M 1) = min(s; (I, M), 5,(10 1)), 55(1?, F) = min(sy(1?), 2D, 55(1P, 22))).

Hexait qst 3ama4i (1) - (3) BEUKOHYIOTBCST yMOBH:

a) koedimientn A, € C*(r;,Q), Ay € C*(0,Q), Ay < K < 400, K = const , A;; €
C*(B; + B;, Q) 1 BEKOHYETHCs yMOBaA piBHOMIpHOI napabosmivnocti [5, ¢. 9] mis piBusanms

n

Dy = " s(Bi+ 3j; P)Ai;(P) Dy, Dy | u

iy=1

6) dymxuii f € C*(v,5;6;Q), ¢ € C***(3,5;0; D), g € C**(I), 7 = (0,4?), §; =
(Oaﬂi@))a V(V) = Inax <maXi6{l,...,n} <1 + BZ(V)) ;maXiE{l,...,n} <T§V) - ﬂz(y)) ; 2” )7 IS {17 2}7 1
BHKOHYIOThCsI YMOBH Y3IOJ[ZKEeHHSI TIePIIOro Mopsiaky |5, ¢. 365];

B) mopepxHsa 0D Hane:KuTh 10 Kiacy C?He,
IIpaBuyibHa Taka Teopema.

u(P) = fi(P); (4)

Teopema 1. Hexaii Bukonani ymoBn a)-). Toxi icuye equamii po3s‘s3ok 3agaqi (1)-(3) 3
npoctopy C*(v, 3;0; Q), ars axoro 3 aeaxoio craioro C € [0, +00) mpaBuIbHA OLiHKA

w7, B;0; Qlata < C(Hf;% 3;6;Qlla + 1957, 3; 0; Do + ||g!|c2+a(r)>- (5)

JLns noBeieHHSA TeopeMu 1 MOOY/LyEMO TOCTiIOBHICTD PO3B’I3KiB KpailOBUX 3aad 3 IIa/I-
KuMu KoedbillieHTaMu, TPAHUIHAM 3HAYEHHSIM K0T € po3B’si30K 3aadqi (1)-(3).

Ominka po3B‘g3KiB KpaiioBux 3aga4 3 raaakumu Koedimiearamu. Hexait (), = Q N
. -1 —1 _ .

{(t,x) €Q :s1(L,t) >my,s2(l,2) > my }, m = {my, ma}, my, my — HaTypAJIbHI YHCIA,

my > 1, mg > 1, — mOCTIIOBHICTD 00JIacTel, IKa MPH M, — 00, Mg — 00 30iraeTbeda 10 (),

D,,={x €D :s(1,2) >m5'}, 0D,, = {x € D : s5(1,2) =m3'}, Iy = 0D, x (0,T).



Posrnsnemo B obstacti () 3a7a4y Ipo 3HAXOKEHHS PO3B’I3KiB PiBHSIHHS

n

(Liup)(t,x) = | Dy — Z aij(t,x) Dy, Dy, — Zai(t,x)Dxi —ap(t,z) | um = f(t,x), (6)

ij=1 i=1
HKi 3aJ0BOJIbBHAIOTH yMOBI/I
um‘t:O = me(x)a Umh“ = g(t7 .CL’) (7)

Tyt xoedinientu a;;, a;, ap, Gynkuii f,,, @, BU3HaYaIOTbCA y HaCTyHHuUil cnocib. fxmo
(t,2) € (0,T] x Dy i BV + B > 0, 10 ayj(t,2) = min(Ay(t, x), Ay(mi",z)) npn t© €
(0,my '] i

my(t© —t) 41
2

Ayt +mp, x)}

a;;(t, r) = min {Aij(t, x), Aij(t(o) —mi, x)+

my(t —t©) +1
2

mpu t0 > m 'V umagxy ﬁi(l) + ﬁj(-l) < 0 6epemo agjl.)(t,x) = max(A;(t, ), Aij(m ', )
npu 0 € (0,m; " i

my(t© —t) 4+ 1
2

agjl.)(t, T) = max {Aij (t, ), At —mpt 2)+

my(t —t©) +1
2

Koedimientu a;(t, r) = min{A;(t, ), A;(m*,2)} npu t©@ € (0,m'] i npu ¢t > m*,
i€{0,1,...,n},

my(t© — 1) 4+ 1
2

At + m;l,x)} :

a;(t,x) = min {Ai(t, x), Ai(t(o) —mit, x)+

my(t —t©) +1
2

Oyukuii fo,(t, r) = min{ f(¢,z), f(m;', 2)} upu t© € (0,m;'] i

my(t© — 1) + 1
2

my(t —t©) +1
2

fn(t,2) = min {f(t, z), FE = mit z) + FEO +mi, x)}
npu t© > m . lpn x € D,, dbyukuii ¢,,(r) = p(z).

Hna (t,z) € @\ {(0,T) x D,,} xoebimieatn a;;, a;, ap i dyskuii f,, € po3s’a3ramu
BHYTPINTHBOI 331241

du

Diyu = Au, u(0,z) =0, o .

= ¢(t7 l‘),

Jie, HANPUKJIAL, st a; 6epemo ¢ = a;|r,,, 1 — #opmasb 10 ['y,. Qs ¢ € D\ D, dyskuii
Vm € PO3B’d3KaMu BHYTPINIHBOI 3aa4i ipixie

Au =0, ulap,, = ¥lop,,-



[TosHaunmo vepe3 ¢ po3s’s30k 3amaui lipixie B obnacti @ = (0,7 x D
D = Au, u(0,2) =0, ulr=g(t ).

Y 3amadi (6), (7) 3pobumo micTaHOBKY

U (t, 1) = v (t, 2)eN + §(t, 1), N> K. (8)

O1eprKIMO
(Lovm)(t,2) = (Ly + Mo = [fu(t, 2) = (L1g) (8 2)]e™ = F(t, ), (9)
um(0,7) = ¢(x) — 9(0, ) = ®(x), vm|r = 0. (10)

Cdopmyaroemo npuHnum Makcumymy st 3aaa4i (9), (10) y Tomy Buruisi, sikuii BUKO-
PUCTOBYBATUMEMO TIi3HIIIIE.

Teopema 2. Hexaii v, — Kiacmanuii po3s’si30k 3agadi (9), (10) B obmacri () 1 Bukonami
ymoBu a)-B). Toxi st v, NpaBHIbHA OLIHKA

[vm| < max{[|@lo, [|F'(A — ao)~"[lo}- (11)

Jlosederna. MoKIUBI TpH BUNAIKN: U,, He 101aTHUIL B (), a60 HAH6LIbIIE J01aTHE 3HAUCHHS
U, HocsiTaeThbest Ha ['r = I'U D, abo ne HaiibiibIine 3HaYeHHsT H0CATa€ThCst B Touni P € ().
Y meprroMy BHIAAKY max vp,(t,z) < 0, B apyromy — 0 < max v, (t,z) = max d(x). V
Q Q D

TPETbOMY BHUITQJIKY MaX Uy, (t, ) = vy, (P;), npu boMy B TOUI P| CIPaBIKYIOTHCS PIBHIHHS
Q

(9) i cuiBBigHOIIEHHS

Dyom >0, Davm =0, =Y ai(P1)Dy, Dy vm(Pr) > 0. (12)

ij=1

Hepisricts (12) cupaBaxKyersest, OCKIIBKE B TOUII MakcuMyMy apyri noxigai Dy, Dy, vy,

(1))

3a OyIb-sIKHM HAIPIMKOM Y = » - ougs(Or; Pr)(x — o (det ||au|| # 0) memomaTHI, a

BUPa3
n n n
> i (P1)Da Doyvm = ) <Z s(Bi + Bj; Pl)@z'j(Pl)OékiOélj> Dy, Dy, vm =
ij=1 ki=1 \ij=1
n
= ,U/kDykDkam < O,
k=1

034K 32 YMOBOIO &) XapaKTePUCTUIHI YUCIA [i1, . . ., [, KBaApATHIHOT (hopMmu mogaTHi (pis-

HsiuHst (4) piBHOMipHO mapabosivne). BpaxoByroun (12) i pisusiaas (9) B rouni P, maemo
HEPIBHICTH

vm(P) < F(P)(—ao(Py) + )7\, (13)

[Toxibuo, po3riisiialoun TOYKY HAWMEHIIOr0 HeJJIOJATHOTO 3HAaYeHHsT (DYHKINT V), MAEMO

U, > min {O, mﬁin O(z), m@in(F(t, z) (A — ap(t, :1:))1)} .

Orxke, g po3s’a3ky 3a1aqi (9), (10) npaBuabaa HepiBaicThb (11). O



Beegemo B mpoctopi C?T(Q) mopMmY ||V 7, 35 ¢; Ql|21a, €KBIBATEHTHY NpH KOXKHOMY
dbikcoBaHOMY M1, My IO TEIBIEPOBOI HOPMH, sIKA BH3HAYAECTHCA K ||u; 7, 3; ¢; Q|l21a Tinb-
Ki 3aMicThb ByHKIIR $1(q1,t), S2(qe, x) Gepemo Biamosinuo di(qy,t), do(qe, ), ae di(q1,t) =
max(si(qi,t),m; ") npu ¢ > 01 di(q1,t) = min(s1(q1,t),m; ") upu ¢1 < 0; do(qe,x) =
max(sa(qa, ), my®) npu g2 > 01 da(ga, x) = min(s2(qa, ), my ?) npu g2 < 0.

IIpaBuibHa Taka Teopema.

Teopema 3. fIkmio BHKOHaHI yMOBH a)-B), TO it po3B‘si3Ky 3ajadi (9), (10) npasmibHa
OITIHKa

[om; 75 5505 Qllasa < CUIF;7, 8 27; Qlla + 1957, 55 0; Dot + 0mllo)- (14)
Crama C € [0, +00) He 3a71€XKHTh BLIT M.

Jlosedenns. BukoprcroByoUdr 0O3HaYeHHsI HOPMHU Ta iHTeprossiiiiai HepiBrocti 3 |6, ¢. 176],
JUIst KOXKHOTO € > () 3 medkoro cranowo c(e) € [0, +00) MaeMo

[vm; 7, 05 0; Qllz4a < (14 €%)[[vm; 7, 5; 05 Dl]aa + c(€)l[vmllo-

ToMy JIOCUTDH OIIHUTU MBHOPMY [|Um; Y, 3; 0; Q|]ora. 3 03uaveHHS [|U); 7Y, 55 0; Ql]240 BU-
miuBae icuyBanHudg B () Touok P, By, P,i ) s srux CIIPABJIZKYETCA OJHA 3 TAKUX HEpiBHO-
creit:

1
5“”7@77&3 O; QHQJra S Ek: k € {1:27 374}7 (15)

BEi= Y d2y— B~ +aly = B POla) — 2 || Da, Di,vin(P1) — Day Do By :

1,7,k=1

Es Z d2’7 B — ﬁj+a77p2)|t(1 2)|_5|D Dm]Um(Bk) chiD:ijm(P1§2))|§

i,j,k=1

= d@2y + aly = Bi): P)lay — 277D (PL) — Dyvin(Bi);
k=1

Zd 2+ a)y; Bo) [t — 73| Dy, (By) — Dyvm (P)].

k=1

dxmo [tV — )| > d(27; P)p—6 =Ty, d(2v; P) = min(d(2v, P,),d(2v, P,)), p — noBinbue
ancio 3 (0,1), T
B <20 vm; 7, 8:0;Qll2, k€ {2,4}.

BpaxoBytoun intepnoJisiiiiitai HepiBHOCTI, MaEMO
By < e[vm; v, 85 0; Qllata + c(€)][vmllo. (16)
Bubuparoun £ > 0 jocurh MaiuMm, 3 HepiBHOCTI (16) 3HAXOAUMO
[vm; 7, 6; 0; Qllata < cllvmllo- (17)

stxmo [z~ | > 0l d(y— By, P)2 = Ty, 10 By, < 207 [[0m; 7, 5 0; Qllayas Kk € {1,3}.
[ToBTOpPIOIOYN MPOBE/IEH] BHUIE MiPKYBaHHS, 0JepKUMO HepiBHOCTI (17).



PosriisneMo BUNAI0K, KOJII \x,(:) - x,(f)] < Ty, abo |t — )| < Ty. Byaemo BBazaru, mo
d(v, P) = d(; P,). Hexaii |xg) —&n| > 2T, € € OD abo |2V — €| > 2Tyn. Bammmemo 3a1ady
(9), (10) y Burmszi

Lyvm = | Dy — ) aij(Pl)Dmej] Uy =

ij=1

= | (ai;(t,2)—aij(P)) Do, Dy, + Y _ ai(t, 1) Dy, +ag(t, 2)—

ij=1 i=1

U (0, ) = ®(2), vy(t,z)|r = 0. (19)

Hexaii V; € Q, Vi — xy6 3 nenrpom y Touni Py, V, = {(t,r) € Q : |t —tM| < 160?17,
t>0, |2 — 2| <4rTy, i€ {1,...,n}}.

VY zazadi (18), (19) 3pobumo 3aminy vy, (t, ) = wy(t,y), yi = d(G;, P1)x;, i € {1,...,n}.

ObuacTb BU3HAYEHHS Wy, (T, y) mo3HaunMo depe3 Qo. Tomi dyukuis W, (¢, y) = wn(t, y)u(t, v)

€ po3B’a3koM 3aaaqi ipixite

v+ F(t,x) = Fi(t,x), (18)

(LyWi)(t,y) = [Dt — Z d(Bi + Bj; Pr)ai;(P1) Dy, Dy, | Wi =

ij=1

= Z d(ﬁl + ﬁj; Pl)@ij(Pl){[Dyimeyj,u + DijmDyi:u] + WmDyiDij}Jr
ij=1
+met,u + Fl(tv Y)M(t, y) = FQ(tv y)u (20)
Wi (0,y) = ©(Y)1(0,y) = ¢2(y), Winlr =0, (21)
A€ .
)= { b (60 B DD 0) S (21 ) P
’ 07 (ta y) ¢ H3/47 0 < /,L(t,y) < 17
Hy = {(t,y) € Qo : |t —tO| < Ty, |y: — yV| < md(v; Pr), g = d(Bi; PV},
Y = (d_l(ﬁl; Pl)yl: s 7d_1(ﬂn; Pl)yn)
Koedinienrn piBusinus (20) obmerkeni craanmu, He 3ainexkanmu Big P. Tomy, Ha migcrasi
Teopevt 5.2 i3 [5, ¢. 364], ans aosinpmmx Towox M (W WY € Hyyy i My(r?,¢?) € Hy )y
IpaBUIbHA HEPIBHICTH

dia(Mla MQ)’Dz-DEWm(Ml) - DiDgwm(MQ)‘ < C(HFQHCQ(H1/4) + "¢2"02+Q(H1/4 ﬂ{tZO}))’

ne d(My, My) — napaGomniuna Bijcranb Mixk Toukamu My, My, 25 + |k| = 2.
Bukopucrosytoun Baactupocti dyukuii p(t,y) i ozmavenns npocropy C*T(v, 3;0;Q),
3HAXOIUMO

Ey, < c(n?p” +%(n+ 2)([lvm: 7, 55 0; Vayulloa + 1 F1:7, 55 27 Vapallat

D57, B; 05 Vaya 0 {t = 0} [lasa + [[omllo)- (22)

Ozepzxunmo ominky wopmu ||Fy; 7y, 3;27; Vi || Bpaxosytoun inreprossiniitai nepisrocri,
JIOCUTH ONIHUTHU MIBHOPMY KOXKHOTO JTojaHKa Bupa3sy Fi(t,z). Hampukian,

a: Davmi ¥, 3527, Vaalla <> sup [d(y = B5; A) | De,om|{|7D) — 77|72 x
=1 141,Bk,A2}C V3,4



xd(y + B; + oy A)ai(Br) — ai(Az)| + 3 d(y + B + aly — Bi); A)ler) — 677
=1

n

xlai(A)) —ai(B)M + Y sup [y + B A)las{d(y — B + av; A)
k=1 {A1,Br,A2}C V34

x|r) = 7373 | Devm(By) — Deom(A2)| + ) d(y = i + aly — Br); A)x

=1
|6 — €272 De,vm (A1) — Desvm(Bi)}] < e(l[vm; v, 55 0; Vajalla + [omllo)-

OTKe, OTPUMYEMO OIIHKY

1E1;7, 827 Vasalla < c(IF57, 8529 Vajalla + llvmllo) + €1llom; v, 35 0; Vajallogas — (23)

ne g1 = n’p® + €%, p, € — gosinbui uncna, € € (0,1), p € (0,1).
[Tigcransioun (23) B (22), omepKuMO

Ei, < c(||F;7, 5527 Vajalla + lvmllo) + €2l|vm; v, 55 0; Vajallorat

+[95 9, 3;0; Vaya 0 {t = 0} |24 (24)
g2 = €1 + c(n*p* 4 £%(n + 2)).
Hexait |21 — y| < 2Thn i |xg) — yn| < 275, y € OD. Posrnguemo kymo K (R, P) paniyca
R, R > 4T5n, 3 meaTpoM y fAedkiit Touni P € I', aka micTuTh TOukm P, P,EQ), B;,. Buko-
PHCTOBYIOUH 00MEKeHHsI Ha TJIAIKicTh moBepxHi 0D, moxHa posupamutu 0D N K (R, P) 3a
JIOIIOMOTOI0 B3a€MHO OJIHO3HAYHOTO meperBopenHs x = ¢(y) Tak, mob mexxa 0D N K(R, P)
nepeiinuia B mwiomuny y, = 0, a obaacrs [I = Q N K(R, P) aexana B niBnpocropi y, > 0,
t>0.
Baaxkaemo, mo P, B, Pk@), Ex, d(7v; P1), vy, T1, Tz, II mepexoadars mpu IbOMY MEPETBO-
penHi BignosigHo B My, Ny, M, E,gl), dy (v; My), wm, Tl(l), T2(1), I1;. TTosuaunmo koeditienTn
qudepenniaabioro supasy Lo B obaacti 11 uepes kyj, k;, ko. Toni wy, € po3s’a3kom 3a/1aui

n

wn(t,y) = _[kij(t,y) — kij(M:)] Dy, Dy wim+

ij=1

[Dt — Y ki(My\)D,,D,,

ij=1

3t ) Dyiom + (holt, ) — N + E( (1)) = Filt, ),

C on(0,y) = YY) = aly)s wnlyo =0, (25)

3pobusiim B 3ama4i (25) 3aminy wy, (t,y) = Viu(t, 2), ne zi = di(Bx; M1)ye, k € {1,...,n},
OJIEPZKUMO

[m—Zm%+mmmmm@p@m:&@A
ij=1
Vm(07 Z) - 903(2)7 Vm|zn:0 - 07 (26)
e Z = (dy (B M)z, -, dyH(Bo; My)2,).
[ToTroprooun MipKyBaHHsI, IPOBeIeH] mpu JociKenHi 3a1a4i (20)—(21), maemo i B 1b0-

My BHOAJKY OmiHKY (24). BukopucroByrwoun HepiBrocti (24), (16), (15) i Bubupaoun p i €
JIOCUTH MAJUMH, JiCTaHeMO HepiBHICTD (14). O



Zosedernna meopemu 1. OcKiTbKu

157, 5527 Qlla < c(1f3 7, 350 Qlla + 9]l c2a(ry),

19;7, B; 0; Dl24a < c(|l©; 7, 5505 D|oga + || 9]l c2+ery),

TO, BUKOPHCTOBYIOUM HepiBHiCTH (11), Maemo
[vm: ¥, 8; 0; Qllata < e(If;7: 5;8; Qlla + 11957, 5 0; Dllasa + lgllozraqry). (27)

[IpaBa wacTuma mepiBHOCTI (27) HE 3aI€KUTH BiJ M 1 OC/ILI0BHOCTI {Vn(lo)} = {|vn(P)|},
{Vi} = {d(y = B;; P)| Do (PO}, {Vi?'} = {d(27 = B = B P)| Do Dayom(P)|}, P € Q,
PIBHOMIPHO OOMeEzKeHl i OJHOCTAWHO HelepepBHi.

3a TeopeMoro Aplenu iCHYIOTH IIiJmOCIiI0BHOCTI {V;%L)},{V;j()j)}, {Vn(f()l)}, PIBHOMIPHO
30ixkHi B Q. [lepexonstan 1o rpanuni npu k — 00, j — 00, | — oo B 3ama4i (9), (10), oxep-
KHUMO, o u = veM + § emuamit po3s‘a3ok 3agaqi (1)-(3), u € C*T%(v, 5;0; Q) i npaBuIbLHA
oniuka (5). O

Teopema 4. Hexaii Bukonani ymosu a)-B), f € C*(Q). Toxi exuanii po3s‘s3ok 3amaqi (1)
(3) B npocropi C***(v, 3;0; Q) Buznauaerbcs interpanamu CrijaTheca 3 60peIeBOI0 MipOIO

u(t,r) = uy + us + uz = /Gl(t,l‘;dT, d&)f(r,¢) —I—/GQ(t,x; dé)p(&)+
Q D

—i—/Gg(t,x;dT, deS)g(T,€) (28)

i st kommonent (G, G, G3) nMpaBuIbHI HEPIBHOCTI

/Gl(t,x;dT,dg) < ll(=Ao(t ) + N lo, /GQ(t,x;df) <1,
Q

D

/Gg(t,x;dT, deS)| < 1. (29)

T

Jlosederna. Ockimbku C*(Q) C C*(v,3;0;Q), to maa f € C*(Q) cupaBIKyeThCsI HEPIB-
aicts || 57, 6:0;Qlla < c|lfllco@). Orxe, BpaxoByloun reopemy 1, st po3s‘a3ky 3a/jgadi
(1)—(3) orpumyemo nepiBricTb

459, ;05 Ql24a < (|| fllea@) + 11937, 35 0; Dll2sa + llgllczsar)- (30)

Posrisinemo u(t, x) npu dikcosanux (t, x) gk ainiitanii Henepesunii bynkuionan (f, ¢, g) na
HopMoBaHoMy npoctopi Co = C¥(Q) x C*T(%, (3;0; D) x C2+*(T') 3 HOpMOIO, sIKa JOPIBHIOE
npasiit wacruni Hepisrocri (30). Bepyun g0 ysarn sriaouenns C, C C, Ha mijcraBi TeopemMn
Picca moxua BBazkaru, mo u(t, ) nopomxkye GopeneBy mipy G(t,x;7), sika BU3HAUEHA HA
o-anare6pi miamuoKuHE Z obracti (Q, BKmodaoun (Q i Bei 1 BLAKPUTI MiIMHOMKUHI Taki, 110



3HaUeHHs QYHKI[IOHATA BU3HATAETHCSA (bopMy.I0i0 (28). 3 Teopemu 2 BUIIMBAE PABHIBHICTD
Jyist po3B’s3kiB 3ama4i (1)—(3) mepiBHOCTEIH

lullo < [1fe7 (=40 + )7 o, Nluzllo < llello,  llusllo < e gllo, (31)

ne u; — po3B’a30K KpaiioBoi 3amadi (1)—(3) mpu ¢ = 0, g = 0; uy — po3B’a30K KpailoBol
sagadi (1)—(3) mpu f = 0, g = 0 i ug — po3s’s30k 3amaui (1)—(3) opu f = 0, ¢ = 0.
[TixcraBusimu B HepiBHocti (31) Bigmosigwo f = 1, ¢ = 1, g = 1, nicranemo HepiBHOCTI
(29). O

Bamaua onruManabHOro KepyBaHHs. B obsacti Q) = (0,7 X D posrisinemo 3aiady 3Ha-
XOJZKeHHsI (PYHKIIIH © 1 p, HA AKUX (DYHKIIOHAJ

I(p) = /T dt / F(t, 2, u, p)dz (32)

D

nocsrae Minimymy B Kaaci dyskuiii p € V = {p € C(Q) : 1 < p <o}, 1e u € po3s’sizkom
KpaiioBoi 3aaadi

(Lu)(t,z) = f(t,z,p), ul=o=(x), ulr=g(t ). (33)

BBaxkaTumeMoO BUKOHAHUMHI TaKi YMOBH:

r) dyukmi ¢; € C*Q), ¥y € C*Q), f(t,x,p), F(t,x,u,p) Bu3HAUEeH] BiAMOBITHO B
obnactax My = Q x [y, vs], My = Q X R X [1)1, 5], MaioTh TesbaepoBi MOXigaHi Apyroro
MOPSJIKY 3a 3MIHHUMHE U 1 p, sIKi Hasex)arh K GyHKUIT Bijg (¢, 2) 1o mpocropy C(Q).

3a ymoB a)-T) mist 6yap-sikoro p € V icuye eamuuii po3s’sa30k 3amadi (33) i3 npocropy
C**(~,3;0; Q) i oy HHOro mMpaBUIbHA ominHKa (5).

Hexaii E,,(t,z,7,§) — bynkuia ['pina oqropinuoi kpaitooi 3amadi (6), (7) (g(t,z) = 0).
Toxi, 3a Teopemoio 2, npasuabha HepisaicTb 0 < [ By (t, @, 7,£)dE < 1. Iosnaummo

T

At,z) = /dT/Em(T,f,t,x)DuF(T,f,um,p)dﬁ,

t D

H(tum, A, p) = F(t,x, U, p) + A, x) f(t, z,p).

J171s1 BeTanoBen s icHyBanus po3B’s3Ky 3a1adi (32), (33) moTpibHO BCTAHOBUTH PO3B’sI3-
HICTH JIOMOMIiKHHX 33724 3 IVIAAKAMHU KoedimeHTaMu.
Posrnsguemo B obacTi () 3a1a9y mpo 3HAXOMKEeHHST (DYHKIIH Uy, p, HA 9KUX (DYHKITIOHAT

I(p) = /T dt / Pt 2, up, p)da (34)

Jlocarae MiHIMyMy B Kjaci MyHKIINR p € V', 3 9KUX U, € pO3B’A3KOM KpaioBoi 3a1adi

(Liug)(t, ) = f(t,x,p),  Umli=o = @(x), un|r = g(t, ). (35)

IIpaBuybHI Taki TeOpeMH.



Teopema 5. ko pyukiist H (u,,, A, p) 38 apryMeHTOM p MOHOTOHHO 3pOcTatoda jisp € V
T0 orrruMaIbHEM € KepyBanusa p®) = i, i onTuMmarsrmii po3B’a30K 3a1a4i (35) ulY (t,z,p) =
G (t, 2,11 (t, x)).

Sxmo ¢yuruis H(u,, \,p) 32 apryMeHToM p MOHOTOHHO CHajgHA Jis p € V| TO onrH-
mampaaM € KepyBamag pl®) = by i onrmMambmmii poss’a3ox 3agadi (35) uY (t,z,p) =

Ugr?)(t, I,¢2(t,$>)-
Jlosedernsa IPOBOJUTRLCSI 32 CXEMOIO JI0BejieHHst Teopemu 1 i3 [7].

Teopema 6. Hexaii H(u,,, \,p) — HeMOHOTOHHA (DYHKIIIST 38 apryMeHToM p. /L1 Toro, mob
repyBamus p\¥) i BiamoBiTHIIT O3B I30K ud (t, z,p)) kpaiiopoi 3aza4i (35) Gymr onTHMA.TH-

HHMH, HEOOXIIHO 1 JOCTATHHO, 00 BUKOHYBAJIACH YMOBH:
1) ¢ynnis H(unm, \, p) 3a aprymentom p mae B Touri p = p'¥ minivasbne snavenms;

2) st joBLabHOTO BeKTOpa (i1, fi2) 7 0 i Toukm (t,x) € () BHKOHY€THCST HEPIBHICTD
DimF(tv Z, ugg)vp(())):u% + 2D§,umF(tv Z, ugz)?p(()))/illm - )‘(tv I)D;f(t, Iap(o))ﬂg > 0.

Jlosedenms TeopeMu MPOBOJUTHCS 3 CXEMOIO JIOBeJIeHHsI Teopemu 2 3 [7].

Toscrmvo, gk sraxonarbea u'y i p©@. ko p© — omrmvaibhe, T D,H =0iD}H > 0.
3acrocoByoun Teopemy npo HesiBui dyukuil 10 pisusans Dy H (u,, A, p(o)) = 0, omepKUMO
p0 = W(ugg), A)i W(ugg), A) mudepentiitoBaa (DYHKIIST 38 3MIHHIMHA A, u?.
Buxkopucrosytoun dynkuio ['pina oxHopigHol Kpaiiooi 3amadi (6), (7), y BianosigHicTs

sazadi (34)—(35) mocraBuMO crcTeMy iHTErpaabHUX PIBHSHB

u = [dr [ Butt. 0 f(r & WD e + 1,
0 D
T (36)
A= dr Em(Ta€7t> x)DumF(Taéaugr?)aW(ugr?)a)‘))dga
[«]

ne wy — po3B’a30K KpaitoBol 3ana4i (Lywy)(t, z) = 0, wi|i—o = ¢(x), wilr = g(t, ).
Posp’sa30k cucremu (36) 3HAXOANMO METOJOM MOC/TIIOBHUX Hab/HzKeHb. [lepexoasan 10
rpaunmi B 3a1a4i (34), (35) npu m; — 00, mg — 00, OJIEPKUMO PO3B’s130K 3amadi (32), (33).
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